Abstract. We obtain the complete set of solutions to the Galois embedding problem given by the Valentiner group as a triple cover of the alternating group A 6 .
The Valentiner group is a primitive subgroup of the special linear group of order 3 over a field k of characteristic 0 containing the roots of unity of order 15. It can also be seen as the unique nontrivial triple cover of the alternating group A 6 in 6 letters. In this paper, we consider the Galois embedding problem given by the Valentiner group and a Galois realization K of A 6 over a field k containing Q(µ 15 ). We give a correspondence between the solutions of this embedding problem and the k-defined points of a certain algebraic variety and obtain all possible solutions to this embedding problem. This is achieved by determining all possible dimension 10 irreducible k [A 6 ]-submodules of K and characterizing among them the ones that are a symmetric cube. In the case when the field k is a differential field we determine the homogeneous linear differential equations of order 3 with Galois group the Valentiner group and Picard-Vessiot extension containing K.
Let F denote a field containing Q(µ 15 ). The Valentiner group is the subgroup of the special linear group SL(3, F ) generated by the matrices
where ζ is a primitive 5th root of unity,
. Under the projection of SL(3, F ) onto the projective group PGL(3, F ), the Valentiner group is mapped onto the alternating group A 6 in 6 letters. The projection of the Valentiner group onto A 6 can be obtained by mapping the matrices E 1 , E 2 , E 3 , E 4 to the permutations (12345), (14)(23), (12)(34), (14)(56) of A 6 respectively (cf. [6] ). The Valentiner group is the unique nontrivial triple cover of the alternating group A 6 . In the sequel we shall denote the Valentiner group by 3A 6 . By a result of Mestre [5] , it is known that the group 3A 6 appears as the Galois group of Q-regular extensions of Q(t). More precisely, Mestre gives an explicit construction of Q-regular extensions of Q(t) with Galois group A 6 that are embeddable in a 3A 6 -extension. However, no explicit construction of a 3A 6 -extension is known. In this work, we shall give an explicit construction of 3A 6 -extensions valid over a field of characteristic zero containing the roots of unity of order 15. The main tool for our construction is representation theory, and we are using a generalization of the method given in [2, 3] . We shall consider the faithful representation ρ of dimension 3 of the group 3A 6 given by its presentation as a subgroup of SL(3, F ) and the third symmetric power ρ = ρ (3) of ρ. We recall that A 6 is the image of 3A 6 under the projection of SL(3, F ) onto the projective group PGL(3, F ) and that the kernel of SL(3, F ) PGL(3, F ) is the subgroup of the homotheties of ratio a third root of unity. This implies that the representation ρ factors through A 6 . By looking at the character table of the group A 6 (for example in [4] , p. 289), we see that ρ corresponds to the unique irreducible representation of dimension 10 of the group A 6 . The character of this representation is given by: In the case when k is a differential field (of characteristic 0 with algebraically closed field of constants), we shall use the connection between differential equations and group representations. We recall in particular the notion of symmetric power of a homogeneous linear differential equation (see [7, 8] ). We shall use the following lemma on representations.
Lemma 1.
Let V be a k-vector space of dimension n and ϕ : G → GL(V ) an absolutely irreducible representation. We consider:
where
The thesis of the lemma is equivalent to the composition
This composition is a G-endomorphism of V and, since ϕ is irreducible, either 0 or a G-automorphism of V . Now, using again the irreducibility of ϕ, we obtain that each G-automorphism of V is a homothety.
We state now our main result. Proof. Assume (GEP) is solvable and let K be a solution. We consider K as a k-vector space and the representation φ : 3A 6 → GL( K) given by the Galois action. By the normal basis theorem, φ is the regular representation, and so K contains an invariant k-vector space U = u 1 , u 2 , u 3 of dimension 3 such that φ |U is equivalent to the faithful unimodular representation ρ of 3A 6 . The symmetric cube of the representation φ |U provides a k-vector space of dimension 10 contained in K, which is an irreducible invariant subspace of the representation of A 6 on K given by the Galois action. Moreover K = K(u 1 ). Now let P (X) ∈ k[X] be a polynomial of degree 6, with Galois group A 6 , and let K denote a splitting field of P (X). We consider the representation
given by the Galois action. Again by the normal basis theorem, this representation is the regular one and so contains the dimension 10 irreducible representation ρ = ρ (3) ten times. We shall determine explicitly ten k-subspaces V i of dimension 10 of K such that their sum is direct and such that the Galois action on V i , i = 1, . . . , 10, corresponds to ρ. To this end, we apply the following lemma, proven in [1] , to the permutation representation σ : A 6 → S {e1,...,e6} → GL(6, k).
Lemma 2. If σ : G → GL(V ) is a faithful permutation representation of a finite group G, then any irreducible representation of G is contained in some symmetric
By computing the characters of the symmetric powers, we obtain that ρ is contained in the third symmetric power of σ. The corresponding invariant subspace V of dimension 10 is contained in the dimension 15 invariant subspace e ij = e . . , x 6 are the roots of the polynomial P (X) in K, are monomorphisms, which we denote by f j , 1 ≤ j ≤ 10, and their images are ten subspaces of dimension 10, isomorphic as A 6 -modules to V and such that their sum is direct. In order to check this last statement, by using Lemma 1, it is enough to check that the ten vectors f j (v i ), for a fixed i, are linearly independent. By Lemma 1, every invariant subspace of K isomorphic to V as an A 6 -module is of the form (
for some (a 1 , . . . , a 10 ) ∈ P 9 (k). Now let (u 1 , u 2 , u 3 ) be a basis in which the representation ρ is given by the matrices E 1 , E 2 , E 3 , E 4 above. We take in V a basis F 1 , . . . , F 10 such that assigning the vectors in the basis (u 
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F i is a morphism of A 6 -modules. By computation, we obtain that the basis change matrix from the basis (F i ) 1≤i≤10 to the basis (v i ) 1≤i≤10 is:
where C 1 and C 2 are the following matrices written down by rows: 
